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Abstract

We analyze the surplus extraction problem in a mechanism design setting with
consideration sets. We study a bounded rationality version of a general mechanism
design environment with correlation in which the agent evaluates only a subset of
types as possible deviations. We call these subsets the agent’s consideration sets. We
identify the inverse consideration sets as the key elements that determine whether
full extraction is feasible in this setting and characterize the conditions beliefs need
to satisfy to guarantee full surplus extraction. These conditions require the beliefs of
each type to be separated from the beliefs of types in his inverse consideration set
only. This relaxes the independence condition in Crémer and McLean (1988), which
remains sufficient in our setting. Finally, we discuss some applications and limitations

of our model.
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1 Introduction

We study the surplus extraction problem in a setting with bounded rationality in the
form of partial consideration: the agent only considers a subset of types as a potential
deviation. We identify these types as this type’s consideration set and introduce them in
a general environment. We show that inverse consideration sets are the key elements that
determine whether full extraction is feasible in this setting and characterize the conditions
beliefs need to satisfy to achieve full extraction for any payoff structure. These conditions
require the beliefs of each type to be separated from the beliefs of types in his inverse
consideration set only. This relaxes the independence condition in Crémer and McLean
(1988), which remains sufficient in our setting. This allows us to obtain a positive result
in more general settings.

We define the inverse consideration set for a type t as the set of types which consider ¢
as a possible deviation. Inverse consideration sets are key in our characterization because
building an incentive compatible mechanism that extracts all the surplus from type ¢ re-
quires that any other type t’ prefers his own contract over the contract for type t, and this
must hold regardless of what other contracts type t would consider. This property is not
identified in models with full-consideration due to the symmetry imposed in such mod-
els: under full-consideration consideration sets and inverse consideration sets coincide.
Hence, the distinction between them is inconsequential. Our framework shows that this
distinction is indeed crucial once we break down this symmetry.

We consider a discrete version of the reduced form model used by McAfee and Reny
(1992) and Lopomo et al. (2022) for the allocation or surplus extraction problem. That is,
there is an unmodeled game that determines the surplus or informational rents an agent
generates based on his private information or type. There is also an exogenous source
of uncertainty correlated with the private information which contracts implemented in a
following stage could condition on. Our analysis focuses on the design of the contracts
that determine the payments in this following stage. This modeling approach allow us
to apply our results to a variety of applications without limiting the characteristics of the
environment considered.

For example, this unmodeled game could be a Vickrey or second price sealed bid
auction, in which a fixed number of bidders submit offers for a single item, the item is
allocated to the highest bidder, and the winner only pays the second highest bid. We fo-
cus on the behavior of a fixed bidder in this game, where his type identifies his private

valuation, and his corresponding surplus or informational rents are simply the expected



payoff he obtains in equilibrium given his type. Another example could be the problem
of a seller designing the quality of different products to offer to a potential buyer as in the
classic price discrimination setting in Mussa and Rosen (1978). Here the surplus will be
determined by the difference of the buyer’s private value for the quality of the product
and the cost of providing that quality for the seller. A contract in these settings then can
be interpreted as a participation fee schedule that bidders or buyers need to commit to
pay before participating in the mechanism (i.e., the auction or market). If those participa-
tion fees depend only of the valuation of other bidders’ or other variables out of control of
the bidder or buyer, then they do not affect the incentives in the underlying game, keep-
ing the equilibrium outcome, and the corresponding surplus, in that stage unchanged.
This feature is what allows us to abstract from the details of the underlying game in the
contract design stage.

As in McAfee and Reny (1992), we study whether full surplus extraction can be guar-
anteed and characterize the conditions that make this possible. Myerson (1981) was the
tirst to notice that in a mechanism design problem it is possible to extract all the sur-
plus from the agents if their private information is correlated. Later, Crémer and McLean
(1988) identified the key condition that guarantees that the full surplus could be extracted
from agents in expectation in standard mechanism design settings. More recently, Farinha
Luz (2013), Krdhmer (2020), Fu et al. (2021), and Lopomo et al. (2022) have shown that this
convex independence condition remains key to guarantee full surplus extraction in more
general environments. The same condition remains sufficient in our model but could be
relaxed in a way made precise below.

Different notions of bounded-rationality in mechanism design settings have been con-
sidered before in the context of implementation by Eliaz (2002), de Clippel (2014), and
Clippel et al. (2018). There are also studies looking at more specific settings and behav-
ioral assumptions. For example, Severinov and Deneckere (2006) and Saran (2011) study
problems in which a fraction of agents are honest and always reveal their information
truthfully. In both, there is no correlated information and no general behavioral assump-
tions are explored. We consider the surplus extraction problem in a correlated informa-
tion setting and allow for more general behavioral assumptions on boundedly rational
agents, considering the case of honest types as a special case.

Our work is not the first to study consideration sets in a theoretical economic setting:
Eliaz and Spiegler (2011), Manzini and Mariotti (2014), Caplin et al. (2018), Fershtman

!Check Section 3.2 for a detailed example in this line.



and Pavan (2022), among others, have studied environments in which full-consideration
fails and agents only consider a subset of alternatives.” Most of them focus on the anal-
ysis of the agent’s decision problem without discussing the design problem embedded
in such environments. An exception is Eliaz and Spiegler (2011) which studies a com-
petition model between two firms choosing both which product to offer and what mar-
keting strategy to use. In their model, buyers have an exogenous consideration function
which determines whether they would observe the product offered by each firm or only
one of them. They found that in equilibrium firms cannot do better than if buyers al-
ways observe the offers of both firms. Our paper also studies a model in which agents
have consideration sets from the perspective of the designer but differs from Eliaz and
Spiegler (2011) by considering a general mechanism design setting with correlation and
heterogeneity.

In our model consideration sets are exogenous and have mainly a behavioral or bounded
rationality motivation: they arise from limitations in the capacity of agents to evaluate all
available alternatives. However, our model is also compatible with the interpretation that
there are restrictions on the reports that the agent could communicate: there is a techno-
logical limitation (e.g., evidence or certification that need to be presented by the agent)
that impose restrictions on the types an agent could convincingly “misreport”. Search
frictions and inattention could also give rise to consideration sets as pointed out by Fer-
shtman and Pavan (2022) and Caplin et al. (2018) respectively. The frictions studied in
those models give rise to random consideration sets in which the actual “choices” avail-
able to each type are not deterministic. Instead, in our approach consideration sets are
deterministic and each type has a clearly defined set of types he could imitate. Never-
theless, random consideration sets could be partially accommodated in our framework
by enlarging the type space to include different types with the same surplus and beliefs
but different consideration sets. As long as the inverse consideration sets in this extended
environment respect the structure required in our main theorem, surplus extraction could
still be feasible. Hence, while our principal motivation for consideration sets comes from a
bounded rationality perspective, alternative non-behavioral interpretations are also com-
patible with our model.

Due to the modeling approach used for consideration sets, our work is also related
to the literature on mechanism design with partially verifiable information initiated by

Green and Laffont (1986). Green and Laffont (1986) studies an implementation problem

2For an econometric perspective on search and consideration sets, see Honka et al. (2019).



in which the agent’s message space depends on their true characteristics. They focus on
direct mechanisms and characterize necessary and sufficient conditions to obtain a reve-
lation principle in this environment. These conditions require different types” messages
spaces to be nested. In a related setting, Bull and Watson (2007) introduces hard evidence
to mechanism design problems. They show that under an equivalent nested condition
the model of hard evidence and partially verifiable information are equivalent. While
their general environment is similar to our implementation of consideration sets, in our
model consideration sets of different types are not required to be nested. Therefore, the
revelation principle in Green and Laffont (1986) fails in our environment, and there are
settings in which an allocation could be implemented with non-truthful mechanisms but
fails to be implementable with truthful mechanisms. This also implies that the equiv-
alence between hard evidence and partially verifiable information also breaks down in
our setting. Strausz (2017) proposes an alternative revelation principle by considering
an extended environment in which the agent is required to send a message to verify his
type as part of the allocation. Reuter (2022) uses this approach to study revenue maxi-
mization in auctions in which bidders have some partially verifiable private information.
However, using this revelation principle is problematic in our model as asking the agent
to verify his type with an untruthful type requires him to send an inconsistent report in
our reduced form setting. We argue that the restriction to truthful direct mechanisms still
provides interesting insights, even though the revelation principle fails and there is po-
tential loss on restricting to this class of mechanisms. In particular, since we focus on a
reduced form environment, the restriction to truthful direct mechanisms allows interven-
tion to be minimal in the sense that the interactions that determine this reduced form is
not altered. Using non-truthful mechanisms will involve the agent to report inconsistent
types in both interactions, making our approach invalid as the initial types contained in
each type consideration sets became meaningless. Moreover, since our main result focus
on sufficient conditions for full surplus extraction, focusing on this restricted class makes
our result stronger.3

The remainder of this paper is organized as follows. We describe the model and results
in Section 2. In Section 3 we discuss some applications of the main theorem. In Section
4 we present an extension of our setting to a multi-agent environment. Finally, Section 5

concludes.

30ther reasons for considering only direct mechanisms is that they are closer to mechanisms imple-
mented in practice as argued by Crawford (2021), and that the use of more general mechanisms could
involve very complex implementations as argued by Ollar and Penta (2017, 2023).



2 Model

We consider the problem of a principal or designer interacting with a single agent.* The
agent has a private type t in a finite set of types T.” Each type t is associated with three
elements: (1) the surplus type t generates in the interaction with the principal v; € R,
(2) his belief p; over a finite set of exogenous states (),° and (3) a subset of types C; C T
which identifies the types he could pretend to be or convincingly report. We will refer to
C; as the consideration set of type t, and assume t € C; for all t € T. While the principal
knows the relationship between types and these three elements, as well as the set of types
T, the actual agent’s type t is unknown to her.

We follow McAfee and Reny (1992) in using a reduced form model for the allocation
or surplus extraction problem. That is, there is an underlying unmodeled game that de-
termines the surplus v; of each type and potentially also their beliefs p;. Similarly, our
treatment of consideration sets C; follows the partially verifiable information in Green
and Laffont (1986) and it is compatible with them being determined in the underlying
game as well. This means that in our model, surplus v;, beliefs p;, and consideration sets
Ct, are all exogenous objects and will not depend on the mechanism implemented in the
current stage.”

We now proceed to formally define contracts and mechanisms in this setting.

A contract x is a mapping from states to transfers such that x(w) € R is the transfer
required from the agent in state w € (). We do not impose restrictions on the sign of
these transfers, allowing them to be negative, i.e., to flow from the designer to the agent.
A (direct) mechanism or menu is a collection of contracts {x; : t € T} with x; : O - R

being the contract for type t.°

4 Alternatively, we could interpret this as the interaction between a principal and continuum of mass one
of agents. In Section 4 we discuss how our results are extended to a multi-agent environment.

SResults could be extended to infinite types and virtual surplus extraction as in McAfee and Reny (1992).

%States could contain any information potentially correlated with the agent’s information but which the
agent has no control over. For example, it could contain the valuations of other bidders in a multi-bidder
auction environment with correlated valuations.

7Under a more general model, the characteristics of the mechanism implemented would influence the
alternatives an agent would take into account before deciding what alternative to pick or what message
to report to the designer. Hence, the consideration sets would depend on the actual characteristic of the
mechanism analyzed.

8Note that translations to/from non-direct mechanisms is not trivial in this setting since consideration
sets are defined directly in terms of types instead of characteristics of the mechanism itself (e.g., allocation
and prices).



The payoff of an agent with type f under a contract x is given by

vt — (pt, X)

where (pt, x) denotes the expected value of x under p;, that is

(pr,x) = ) pr(w) x(w).
we
Note that the first part of the agent’s payoff does not depend on the contract he picks. This
happens because the surplus v; is assumed to be determined by the interaction between
the principal and the agent in an unmodeled stage and is independent on the contracts
offered in this stage. This is a consequence of using a reduced model for the allocation or

surplus extraction problem.”

Incentive compatibility and full surplus extraction

Our main goal is to characterize under which conditions the designer is able to collect
all the surplus v; from the agents (in expectation over () simultaneously using a direct

mechanism.!’ In other words, we are searching for a mechanism with the property that

(pt, x¢) = vy,

for each typet € T.

In a traditional mechanism design problem, it is required that all types prefer their
own contract to the contracts designed for others. Hence, incentive compatibility con-
straints must be imposed over all pair of types. Since in our setting agents will be able to
deviate over a subset of types, only some of those incentive compatibility constraints need

to be satisfied. The definition of incentive compatibility must be adjusted accordingly.

Definition 1. A mechanism {x; : t € T} is incentive compatible if each type t has no incentive

to imitate any other type t' in his consideration set Cy, i.e., if for all types t € T,

vr — (pe,xt) > ve — (pr,xp), V' € Ch

9Check the discussion of the reduced form model below for details on why this could be assumed to be
fixed in the current stage.
10As Borgers (2015) notes, the focus on surplus extraction is arbitrary and the same results could be
applied to implement any particular profile of payoffs or even allocations in a more general context.



Note that in the definition of incentive compatibility above v; plays no role since the
“allocation”, which determines vy, is fixed regardless of the behavior of the agent in this
stage. Hence, the incentive compatibility conditions above could alternatively be written
as requiring each type t € T to choose his cost minimizing contract given his belief over
0O, ie,

(pt, xt) < {pt,xp), Yt €Ct.

Then, the goal of the designer is to find an incentive compatible mechanism that ex-
tracts the full surplus from all types simultaneously. We introduce the definition of full

surplus extraction formally below.

Definition 2. Full surplus extraction is feasible if there exists an incentive compatible mechanism
{x¢:t € T} such that forallt € T,

<Pt,xt> = Ut.

Crémer and McLean (1988) have shown that in a setting with full-consideration in
which there are no restrictions on the types a particular type could imitate (i.e., C; = T
for all types t € T), full surplus extraction is guaranteed to be feasible if the set of beliefs

satisfies the independence condition below.
Definition 3. A set of beliefs P satisfies the CM condition if for any p € P, p & co (P\{p}).

This condition, known as convex independence, is a linear independence condition over
the set of beliefs. For finite settings, it also coincides with the more general condition of
probabilistic independence used by McAfee and Reny (1992) and Lopomo et al. (2020).

We assume that different types hold different beliefs, that is, py # py if t # t/, and
denote by PX the set of beliefs associated to types in X C T. Note that having p; # py

introduces correlation in our environment, i.e., types and states are not independent.'!

The reduced form model

Before presenting our main result, we discuss briefly more details about our modeling
approach for the allocation problem and how contracts could be interpreted in our envi-

ronment.

"Having p; # py for any t # t' is a necessary condition for full surplus extraction in environments
with full-consideration, but it is not necessary in our environment with partial consideration. Results could
be easily extended to settings in which some types hold the same beliefs at the cost of increasing notation
complexity.



As we mention above, we follow McAfee and Reny (1992) in using a reduced form
model for the allocation or surplus extraction problem. That is, there is an underlying
unmodeled game that determines the surplus v; of each type t and potentially also their
beliefs p;. In our setting, this game could also determine their consideration sets C;.

For example, this unmodeled game could be a Vickrey or second price sealed bid
auction, in which a fixed number of bidders submit offers for a single item, the item is
allocated to the highest bidder, and the winner pays only the second highest bid for the
item. Our analysis focuses on the behavior of a single bidder i in this auction. Following
the classic example in Crémer and McLean (1988), we can assume that valuations are
correlated across bidders. Then, for a given type ¢, the surplus v; will be the expected
equilibrium payoff obtained by bidder i given his valuation for the item and his beliefs p;
will be determined by the conditional distribution over other bidders” valuation. Recall
that in the Vickrey auction it is an equilibrium in dominant strategies for all bidders to
submit their valuation or type truthfully. Then, if bidder i’s valuation is 6; and the profile

of other bidders’ valuations is w, then the surplus for type ¢ is

v = Y, p(w) (6 — max{w;}).

w:max{w; } <0

Contracts in this environment could be thought as random participation fee schedules
that depends on the profile of valuations or reports from other bidders. Then, a mech-
anism in this setting corresponds to a menu of these participation fee schedules from
which the bidder must choose from before participating in the auction. Since the real-
ized participation fees condition only on the types or valuations of other bidders, they do
not affect the incentives in the original auction game, which implies that the outcome of
the auction and the corresponding surplus for bidder i obtains in the auction stage will
not depend on the contract or schedule he chooses in this stage. Note that for the same
reason, allowing the participation fee scheme to condition on other variables correlated
with the bidder’s valuation as in McAfee and Reny (1992) also keeps the incentives to
report truthfully in the auction stage unchanged. Finally, consideration sets here could be
thought as restrictions on the participation fees and bids a bidder could actually select,
either due to behavioral, reputation, or financial considerations.'?

Other similar applications include the problem of a seller deciding the quality and

12For example, bidders could dislike to appear as “weak” and prefer not to report less than a certain
amount, or could be required to show they have enough funds to secure their bids before submitting a bid.



products to offer to a continuum of buyers with heterogeneous valuation as in Mussa and
Rosen (1978) classic price discrimination setting, but where the seller also has access to ad-
ditional information about the potential buyers that is correlated with their valuations.'?
Buyers choose from the menu of products offered by the seller, paying the corresponding
price for acquiring a product. In this case, the relevant surplus v; would be the differ-
ence between the informational rents of the buyers and the quality costs of the principal.
Contracts could again be interpreted as participation fee schedules that the buyers need
to commit to pay before participating in this market, but this time they would depend
on the additional information collected by the seller instead of the valuations of other

participants.

Inverse consideration sets and main characterization

Our characterization shows that the key element to identify is not the types a particular
type t could imitate (i.e., his consideration set) but the types that could pretend to be ¢
(i.e., the “inverse” of the consideration sets). More formally, we define the set of potential

imitators or inverse consideration set for type t as
Di={teT:teCpandt#t}.

Note that the inverse consideration set D; for type t is not determined by his own consid-
eration set C; but the consideration sets of the types different from ¢.
Using the inverse consideration sets, we can rewrite the incentive compatibility con-

straints as requiring that for each type t € T,
(pe,xp) < (pw,xi), V' €Dy

Note that the conditions above are just a rearrangement of the incentive compatibil-
ity conditions described before, no new conditions are imposed and only the vacuous
conditions are discarded (i.e., comparing the contract for type t to itself).

We now proceed to present our main result. We denote by A(A) the set of probability
distributions over set A, and by co(A) the convex hull of set A.

Theorem 1. Suppose p; ¢ co (PPt) for all t € T. Then, full surplus extraction is feasible.

13Check Section 3.2 for an example in this line



Proof. Consider any type t € T. We will be looking for a function z; : 3 — R which
allows us to separate t from the types that could pretend to be t. That is,

(pr,zt) =0

<ptl,Zt> > 0, th € Dt.

If pt & co (PDf) then existence of such a z; is guaranteed by Farkas” lemma. Then, we

could build the contract for t as follows

Xt = U + &2¢

where a; = maxycp, ﬁ Note this contract x; satisfies (py, x;) = vy and (py, x¢) > vy
t r

for all ' € D;. We can repeat this process for all other types and obtain a contract xy
for each type t' in T. Note that (py,xy) = vy and (py,x;) > vy implies that incentive
compatibility for type ' with respect to ¢ is satisfied.

Finally, the collection of contracts identified above satisfies the incentive compatibil-
ity constraints with respect to the relevant consideration sets, and achieves full surplus

extraction. ]

The proof of Theorem 1 follows the same structure as the proofs in Crémer and McLean
(1985, 1988), however it highlights the importance of the inverse consideration sets in the
characterization of the solution: only the set of beliefs associated with the inverse consid-
eration sets are used in each step of the construction, being the key objects that determine
whether a positive result could be obtained. Consideration sets are only indirectly rele-
vant as they determine the structure of the inverse consideration sets. Note that the set of
beliefs associated with each inverse consideration set is not required to satisfy any (con-
vex or linear) independence condition, and there are no other direct restrictions on the
relationship between these sets for different types beyond the conditions imposed in the
main theorem.

Figure 1 represents an environment where the standard convex independence condi-
tion in Crémer and McLean (1988) fails. In particular, in panel (a), there are types residing
inside the convex hull of the beliefs of all types. While it is possible to build a contract
which extracts all the rents in expectation for a type like ¢, a type whose belief is an ex-
treme point of the convex hull of PT, the presence of types like #/, a type whose belief is

in the interior of the convex hull of PT, makes overall full surplus extraction unfeasible

10
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Figure 1: Failure of convex independence and inverse consideration sets

under full-consideration (i.e., if C; = T for all t) since any hyperplane going through #'
will leave types to both sides of such hyperplane. Hence, by using this hyperplane to
punish types in one side we will be rewarding types in the other side, leading to potential
violations of incentive compatibility, and making full surplus extraction unfeasible. How-
ever, if the set of types each type could imitate is constrained then full surplus extraction
could still be feasible as our main theorem states. Panel (b) and panel (c) depict inverse
consideration sets for types ¢’ and t” respectively such that Theorem 1 holds. Note that
types in the inverse consideration set of type t do not need to satisfty convex indepen-
dence. Moreover, the relation between different inverse consideration sets is not clearly
determined by the conditions in Theorem 1. Indeed, the inverse consideration sets for
both types share several common types without blocking the possibility of achieving full
surplus extraction.

The failure of incentive compatibility in Figure 1 under full-consideration also iden-
tifies why inverse consideration sets are key instead of consideration sets directly: the
reward-punishment scheme using an hyperplane going through the belief of type ¢’ makes
some other types prefer the contract of type t' over the contract designed for their true
type in the case of full-consideration. Note this is a problem even if ¢ is allowed to re-
port or consider his true type t' only, i.e., if Cy = {t'}. Moreover, incentive compatibility
would fail as long as there is another type for which the contract for type ' is preferred to
his designed contract, but discarding ¢’ from the consideration sets of those types elimi-
nates such concern. Then, it follows that it is not the direct structure of the consideration
sets that determine whether an incentive compatible full extracting mechanism could be

constructed or not, but the structure of the inverse consideration sets.

11



Necessity

In Theorem 1 we established sufficient conditions for obtaining full surplus extraction.
We now turn to the question on whether such conditions could be relaxed. We show
in the result below that when these conditions fail, full surplus extraction and incentive

compatibility are indeed incompatible for some surplus structures.

Theorem 2. Suppose p; € co (PP*) for some type t. Then, there exists a surplus vector (vy)cr

such that there is no incentive compatible mechanism that achieves full surplus extraction.

Proof. Suppose p; € co (PPt) for type t and that there is an incentive compatible mech-
anism {xy }ycr which achieves full surplus extraction. From incentive compatibility, we
have

(prrxu) < (py,) V¥ € D,

Now, since p; € co(PPt), there exist a vector A € RP such that p; = Yvep, APy,
Ypep, Av = 1,and Ay > 0 for all t € D;. Then, we can combine these inequalities to

obtain

Y, Mo {pex) <Y Av (pr ).

t/EDt t/EDt
As this mechanism achieves full surplus extraction, we have (py, xy) = vy, forall ' € T.

Thus, we can rewrite the inequality above as

Z Af/ Oy < Z /\t/ <pt/,Xt> .

t/GDt t/GDt

For the right-hand side of this inequality, note that

2 Ap (pr, xt) = 2 Ay Z pr(w)xt(w)

t'eDy t'eD; we)
= Z Z )\t/pt/(a))xt(W)
weO eDy
- < Z At’pt’/xt> = (pt, Xt)
t'eD;
—= Z)t

Hence, for this mechanism to be incentive compatibility and achieve full surplus extrac-

tion, we need

Z /\t/vtl S Ut
f/EDt

12



to be satisfied. But for v; < miny¢p, vy this condition is violated. Hence, no incentive

compatible mechanism could achieve full surplus extraction in this case. O

This results then shows that the conditions in Theorem 1 are not only sufficient but also
necessary if we want to establish the feasibility of full surplus extraction for all surplus

structures.

Failure of the Revelation Principle

The previous discussion focused on the use of truthful direct mechanisms without ad-
dressing whether such restriction is without loss, i.e., whether a revelation principle holds
in our environment. Below, we show that this is not the case and the restriction to truthful
direct mechanisms, in the form of a menu and consideration sets as defined in our model,
is with potential loss of generality since there are instances in which a non-truthful mech-
anism could implement a fully extracting scheme but all truthful mechanisms fail to do

SO.

Figure 2: Failure of full surplus extraction with a truthful mechanism

Consider the following environment illustrated in Figure 2: there are four types t1, tp, t3,
and t4, with associated beliefs p1, p2, p3, and p4 as depicted in the figure. Suppose types
t; and tp share the same consideration set C; = Cp = {t1,f2,t4}: they could imitate
each other and also type t5. Types t3 and t; also share a common consideration set
Cs = C4 = {t3,t4}, so they can imitate each other but do not consider the contract of
any other type. This induces inverse consideration sets D1 = {t,}, D, = {t1}, D3 = {4},
and Dy = {t;,tp, t3}. Since py € co(PP+), Theorem 1 fails, and full surplus extraction
cannot be guaranteed for an arbitrary surplus structure {vq,v2, v3,v4}.

However, it is possible to create a mechanisms which exchanges the targeted type for
contracts x3 and x4 so that t3 chooses x4 while t4 chooses x3, and satisfies adjusted notions

of incentive compatible and full surplus extraction. This is possible given that the contract

13



of type t4 (x4), is evaluated by all types but the belief of type t3 is a extreme point of the
set of beliefs, and hence could be separated from the beliefs of the other types. Given
this, it is possible to tailor contract x4 to obtain all the surplus from type f3 and make
any other type unwilling to choose x4. Instead, for contract x3 we have that only types
t3 and t4 are able to evaluate it as a potential deviation. Hence, as long as p3 # p4 it is
possible to configure x3 in a way that makes type t3 unwilling to accept it while extracts
all the surplus from type t4. Pairing these contracts with the construction in the proof
of Theorem 1 for contracts x; and x», we obtain a mechanism that achieves full surplus
extraction and satisfy an appropriate notion of incentive compatibility. Moreover, this
could be achieved for any fixed profile of values {v1,v5,v3,v4}. However, no truthful
mechanism is able to achieve both conditions simultaneously unless very specific surplus
structures are assumed.

While in the example above relabeling types allows us to achieve full surplus extrac-
tion, the use of non-truthful mechanisms could be problematic in our setting. Note that
this relabeling requires types and consideration sets to be “purely cheap talk” in the sense
that labels have no associated features or value. But, this is inconsistent with having
consideration sets determined by the interaction in the first (unmodeled) stage since the
inclusion of a type in another types’ consideration sets could be linked to the allocation
associated to them (Section 3.2 offers an example of this dependence in a screening prob-
lem). Moreover, implementing such relabeling requires types to report inconsistently
among stages: they initially report their true type but some of them fail to do so in the

second stage.

Genericity and beliefs-determine-preferences settings

We now discuss how flexible or generic is our model compared to a standard setting with
full-consideration.

In the standard full-consideration framework as in Crémer and MclLean (1988) or
McAfee and Reny (1992), having two types t and ' with the same beliefs, p; = py, but
different surplus or valuations, vy # vy, makes full surplus extraction impossible. In-
deed, having such types would immediately violate the CM condition since py € PT\.
In contrast, this is not necessarily a problem in our general model: having v; # vy and
pt = py is compatible with full surplus extraction as long the associated inverse consid-
eration sets D; and Dy (and the rest of the model) satisfy the conditions in Theorem 1.

Moreover, this is possible even if their consideration sets also coincide everywhere else,
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ie., if C/\{t} = Cy\{t'}, as this does not necessarily has an impact on the inverse consid-
eration sets of types t and t'. However, having t' € C; does make full surplus extraction
impossible in our model since it implies t € Dy which in turn implies py € co(PPr),
violating the required condition in this case.

Hence, our model allows some flexibility in terms of the structure of beliefs, surplus
and consideration sets that the standard framework does not, extending surplus extrac-
tion results beyond beliefs-determine-preferences environments (Chen and Xiong, 2011)
as long as some violations of rationality are allowed. However, our model still involves
limitations in terms of the general feasibility of full surplus extraction since the structure

of the inverse consideration sets is not allowed to vary freely.

Limited consideration in practice

We now discuss some implications of our main result for markets with limited consider-
ation.

Our main result show how a principal can take advantage of the presence of both cor-
relation information and partial consideration to extract all the surplus from the agent
or implement a larger class of allocations. While traditional theories in mechanism de-
sign typically abstract from these two dimensions of the problem, we argue that their
relevance could increase in the near future. First, as the number and complexity of prod-
ucts and decisions consumers face increase, the time and effort required to evaluate all
of the different options properly will also increase. Therefore, cases of limited or partial
consideration are likely to become even more relevant as a result. Second, as both the
collection of personal information and the availability of more powerful tools to analyze
such datasets improve, the possibilities for firms, platforms, and governments to develop
more complex contracts that exploits the additional correlated information available will
also increase. While our results represent an extreme case in which all the surplus could
be extracted, they establish the limits (or lack thereof) on what could be achieved when
the principal has access to rich correlated information about the agents, and how the lim-
ited computation capacity of them could contribute to this end.

Note that there is already evidence that in several markets consumers fail to consider
all options during their purchase decisions. Some examples include the market for per-
sonal computers (Sovinsky Goeree, 2008), auto insurance (Honka and Chintagunta, 2017),
and bank accounts (Honka et al., 2017). Moreover, evidence suggest that these consider-

ation sets could be rather small (Honka et al., 2024), which could significantly relax the
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problem for the principal as there are less potential leakages they need to care about when
designing each payment schedule.

An extreme form of limited consideration is consumers’ inertia: consumers continuing
to purchasing the same product or brand they have already chosen despite having bet-
ter alternatives available. There is evidence of inertia in the electricity market (Hortagsu
et al., 2017), pension plans (Illanes, 2017), and, of particular interest, in health insurance
markets (Abaluck and Adams-Prassl, 2021; Abaluck and Gruber, 2022; Drake et al., 2022;
Saltzman et al., 2021). Moreover, strategies for reducing inertia could not be always suc-
cessful in these markets (Dijkstra et al., 2024) which suggest that this behavior could be
difficult to eradicate. Due to the underlying complexity that these contracts involve, and
the extensive number of different realization in which they could condition on, this makes
this market a good candidate for the use of the types of contracts we study in this paper.

In this context, our results show that if there is inertia and access to correlated infor-
mation, then there is no limit on the share of the surplus the principal could capture, and
this result holds even if not all agents suffer from extreme forms of inertia.'* However,
our results also suggest that even if extreme cases of inertia are pervasive, typically the
principal would still need to exploit the correlation in the information structure to collect

the full surplus from the participants.

We finish this section discussing two special cases of our model.

2.1 Separable environments

In this section we consider a special structure of consideration sets which allows for a
simpler characterization of the conditions for surplus extraction presented in Theorem 1.
This environment classify types into different groups for which each type only considers
some types in his same group as a potential deviation.

We consider a permissive definition of a separable environment: consideration sets
are not required to be identical among types in the same group, and they could be strict
subsets of the block they belong to. Such flexibility comes at the cost of identifying only

sufficient conditions for full surplus extraction instead of a full characterization.

Definition 4. We say that an environment is separable if there exists a partition of T, {Ty, To, ...}
such that Cy C T; forall t € T;.

4More broadly, inertia could limit rather than fully restrict the choices of consumers.
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In separable environments, for each group T; an isolated design problem is faced since
there is no interaction with types in other groups. Hence, if the standard independence

condition is satisfied for each group then full surplus extraction could be obtained.

Corollary 1. Consider a separable environment indexed by I. Suppose PTi satisfies the CM

condition for each i € L, then full surplus extraction is feasible.

Proof. Pick an element T; from the partition of T, and consider the restricted problem in
which the set of types is restricted to T; only. Since PTi satisfies the CM condition, there
exists a mechanism {x; : t € T;} such that (p;, x;) = v; for all + € T; which satisfies
incentive compatibility for all the types in T;. Since no incentive compatibility constraint
involving types in T; relates to types outside T;, such restricted mechanism satisfies all
relevant incentive compatibility constraints for types in T;.

Repeating this process for all elements of the partition generates a sequence of re-
stricted mechanisms ({x; : t € T;});ez. Since (T;);c7 is a partition, no type t appears in
two elements of such sequence. Hence, we can aggregate the contracts in each mecha-
nism in {x; : + € T}. This resulting mechanism is incentive compatible and achieves full
surplus extraction as required.

O

The interpretation of this conditions is straightforward since they translate to a col-
lection of separated surplus extraction problems which could be handled in complete

isolation to each other.

T
I . I
®
[
I
1
(a) Fully separated groups (b) Overlapping convex (c) Convex hull of a group con-
hull for different groups taining another group

Figure 3: Three examples of separable environments in which full surplus extraction is feasible

Figure 3 illustrate different structures of beliefs which are separable and compatible

with full surplus extraction in the sense of Corollary 1. Panel (a) describes the most in-
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tuitive separable environment: each group convex hull of beliefs is completely separated
from the convex hull of beliefs of other groups. Panels (b) and (c) instead illustrate that in
a separable environment the convex hull of different groups can intersect (b), or even be
completely contained in the convex hull of other groups (c), as long as different groups
do not share types. Hence, in a separable environment having co (PP*) Nco (PPr) # @
for t # ' is possible.

A natural application of a separable environment is a setting in which consumers
could be classified into different groups according to their characteristics as in standard
third degree price discrimination strategies. Our model allows heterogeneity to remain
among each group, having different contracts offered to different members of the same
group.

As we mentioned before, Corollary 1 identifies only sufficient conditions for having
tull surplus extraction in this environments. We illustrate this in the following example.
Consider the environment depicted in Figure 4. Suppose that initially C; = {1, f5, t3} for
t € {t1,t2,t3}, Ct = {t4,t5,t6} fort € {ty,t5,t¢},and C; = {t7,t3} fort € {t7,t3}. Clearly,
this environment is separable: let T; = {t1,t2,t3}, To = {ta, t5,ts}, and T3 = {ty, tg}, then
Ct C T;forallt € Tyand i € {1,2,3}. Since, P71, P2, and P satisfy the CM condition,

full surplus extraction is feasible in this case.

ty
1
t l%
ts

te

Figure 4: A separable environment consistent with Corollary 1

Now suppose that types t, and t4 also consider type t; as a possible deviation. This
new environment is still separable: let T; = {t1,tp,t3} and Tp = {t4,t5,t¢,t7,t3}, then
Ci C Tiforallt € Tyand i € {1,2}. Note that now the condition in Corollary 1 is violated

since py, € co (PTl\{t7}> as could be seen in Figure 5. However, full surplus extraction is

still feasible since Dy, = {t4,t¢, ts}, and pt, & co (PD f7> as Theorem 1 requires.
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Figure 5: A separable environment violating Corollary 1

2.2 Honest and sophisticated types

In this section we study a simple environment in which types could be classified into
two groups: honest and sophisticated. Honest types will be unable to imitate any other
type and always report their type truthfully. Sophisticated types instead will be fully
rational and will be able to imitate any other type in T, including honest types. So, for an
honest type t his consideration set is Cy = {t}, while Cyy = T is the consideration set for a
sophisticated type with type #'.

Then, for a set of honest types H, the inverse consideration set for an honest type
will include only the sophisticated types, i.e., D; = T\H for all honest types t € H.
For a sophisticated type t' € T\ H, his inverse consideration set would include all other
sophisticated types, also excluding all honest types, i.e., Dy = T\ (HU {t'}).

Thus, the conditions that guarantee full surplus extraction in Theorem 1 reduce to de-
termine whether for all types t € T, p; is inside the convex hull of PT\'! or not. Moreover,

these condition could be separated into two sets of conditions.

Corollary 2. Consider an environment with a set of honest types H C T. Suppose PT\H satisfies
the CM condition, and p; ¢ co (PT\H ) foreach t € H, then full surplus extraction is feasible.

Proof. Consider first types in H. Since, Dy = PT\H for any t € H, the condition above for
these types is equivalent to p; ¢ co (PP*) for each t € H.
Now for any type t € T\ H note that the PT\H satisfying the CM condition implies that
pt & co (PT\(HU{t})), and Dy = T\ (H U {t}). Together these imply p; ¢ co (P"*).
Hence, the conditions in Theorem 1 holds and the existence of an incentive compatible
mechanism which achieves full extraction follows from Theorem 1.
O]
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Here checking the conditions is less cumbersome than in the general environment. It
reduces to check whether the subset of sophisticated types satisfies the CM condition, and
then check whether for each behavioral type his belief is inside the convex hull of beliefs
of the sophisticated types. Note the evaluation for each behavioral type could be carried
over in complete isolation of other behavioral types.

In this environment, the convex independence condition among sophisticated types
is necessary but not sufficient to guarantee full surplus extraction to be feasible. Indeed,
beliefs of honest types are required to be outside the convex hull of the beliefs of the so-
phisticated types as otherwise a contract offered to an honest type could still be preferred

by a sophisticated type (at least for some payoff structures).

p2 p2
/.\ /.\
J/ __epP3 J/ o3 .
o;/’ - 5 o// ““““““ 3
4 T 4
P R P
(@) Only t = 4 being an (b) Only t = 3 being an
honest type honest type

Figure 6: Representation of Corollary 2.
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Figure 7: More sophisticated and honest types

Figures 6 and 7 illustrate the result in Corollary 2 considering two different cases. Be-
liefs of sophisticated types are depicted in black while beliefs of honest types are depicted
in red. Note that in all cases PT violates the CM condition, hence Crémer and McLean
(1988) theorem fails. In Figure 6, panel (a) shows that if only type t = 4 is honest, then
tull surplus extraction is feasible, while panel (b) shows that if only ¢t = 3 is honest full

extraction is not feasible since any contract aimed to fully extract type t = 3 could induce

20



deviations from some of the sophisticated types. Figure 7 shows that having more sophis-
ticated and honest types does not change the result as long as the conditions in Corollary
2 still hold.

While we presented this case as an environment where some types are honest, any
environment in which there is a class of types which can be easily identified or cannot
falsity their report are behaviorally equivalent to this class of honest types, and the result
in this section carries over to such environments as well.

Note that this environment is not separable since sophisticated types consider not only
the contracts offered to other sophisticated types but also to honest types. This shows
that there are interesting environments beyond the separable case which could also allow
simpler characterizations.

A particularly salient application of the model in this section are markets in which
some groups of agents exhibit inertia. For example, Abaluck and Adams-Prassl (2021)
and Abaluck and Gruber (2022) discuss evidence of inertia in health insurance markets.
Under this interpretation, there would be a set of users decide to keep their current policy
ignoring potentially other policies available, while other types of users will evaluate all
the policies before making a decision. We can match the behavior of the first group to the
honest types in this section, while the behavior of the later to the sophisticated types. We
can then use the result in this section to characterize the limits on what could be achieved

in this type of markets.

3 Applications

In this section we present some examples in which our main result could be applied.
We start with a procurement problem in which firms can only partially misreport their
risk level. Then, we study a screening problem in which the consideration sets depend
on the quality provided under different contracts instead of depending on types directly,
offering a form of partial endogeneization of the consideration sets. Finally, we use our
results to characterize the revenue maximizing mechanism for an auction with correlation
and behavioral bidders.

3.1 Procurement under partial risk misrepresentation

We consider the problem of a buyer hiring a firm for completing a project. The project

could either be completed on time or be delayed in which case its cost of completion
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increases. Delays depend on the type of firm working on the project. If the project is
completed on time then its cost is wp, while if its delayed then its cost increases by w.
There are a N types of firms, and the type of the firm is private information. Then, a firm
with type t will have a probability of facing delays of p;, which we refer as its risk level.
Types are ordered according to their risk level so p; > py if and only if > #'. Firms could
also differ on an initial or fixed cost K; > 0 of starting the project. A contract x = (xg, x1)
specifies the compensation without and with delays. Note there is no restriction on the
sign of these compensations, so they could either flow from the buyer to the seller (if pos-
itive) or from the seller to the buyer (if negative). The buyer is able to screen the firm
offering a menu of contracts {x! : t € T}. The firm exhibits partial consideration and is
only able to evaluate or fulfill contracts designed for a subset of types. In particular, a
firm of type t will only consider contracts associated with risk levels p € [ps, pr+2], i-e.,
she cannot claim having a lower level of risk than the level she really has, nor reporting
risk levels way beyond her true risk level. No under-reporting could be due to the re-
quirement of presenting some type of certification (which could not be falsified), while
no over-reporting of risk could be due to reputation concerns.

The goal of the buyer is to hire the firm at the least expected cost possible, while the
tirm will choose the best contract considered which has an expected benefit above her
expected cost.

The following proposition establishes that in this setting, the buyer can always design
a menu of contracts in which the expected payment to each type of firm is exactly her

expected cost of completing the project.

Proposition 1. Consider the procurement problem described above. Then, there exists a menu of
contracts such that each type of firm chooses a contract with expected payment exactly equal to her

expected cost of completing the project.

Proof. We start by defining the consideration set for each type in the space of types as
Ci = {t,t+1,t+2} NT for any type t € T. Then, the inverse consideration set for type ¢
is Dy = {t —1,t =2} N T. Let’s denote the expected cost of type t as vy = K; + wp + prw;.

Since p; > pyp forany t > t/, py # ap;—1 + (1 — a)ps_p for any a € [0,1]. This implies
pt & co (PP*), so the condition in Theorem 1 holds.

Then, from Theorem 1, there exists an incentive compatible mechanism {x; : t € T}
such that (p;, x;) = v; for all t € T. Under this mechanism a firm of type t receives an
expected compensation exactly equal to her expected cost of completing the project as

required. O
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Note that the restricted structure of the consideration sets is required to obtain a
menu in which each type of firm compensation is just her expected cost of completing
the project. For example, if any type could report types above and below her true type
then Theorem 1 would fail. However, existence of a “fully extracting” mechanism could
be recovered in this context if there are more states available to condition contracts on
and alternative orderings of types are imposed. Hence, the requirement of single-sided
misrepresentation is a consequence of having only two states (i.e., cost levels) and not a

general restriction on the model.

3.2 Screening with partially endogenous consideration sets

Below we analyze a setting in which the consideration sets (in terms of types) are partially
endogenized by allowing them to be formed as a response to evaluating only products
close to the ideal product for a particular type. However, even in this model the prim-
itive motivator of consideration sets formation is exogenous: each type will only look
at products/contracts in the neighborhood of his ideal quality level, and the size of this
neighborhood is exogenously given.

In particular, we consider a monopolistic screening problem in which the allocation in
the first stage explicitly determines all the conditions for the second stage: surplus, beliefs,
and consideration sets. This way, the model presented in this section offers consideration
sets which are partially endogenous by allowing the types belonging to a consideration
set to be determined by the allocation they are associated with.

Consider initially a setting without the exogenous source of uncertainty and full-
consideration, i.e., a setting in which transfers have no state to condition on (beyond
types) and all types could evaluate all the alternatives offered by the mechanism. Con-

sider the following quadratic utility function for the agents

q2

u(6,q,x)=60-q— 5 -
where 0 is the valuation, g is the quality of the product, and ¥ is the transfer paid by
the agent. We consider, as before, a finite set of types T, and assume that each type ¢
has a different valuation 6; > 0. We further assume that T is ordered according to the
valuations of different types, so 6; > 6;_; forall t > 1.

We are interested in a mechanism which implements the allocation that maximizes

the surplus generated for each type (i.e., the first best allocation): g4; = 6; for all ¢. Setting

23



2 2
Xt = Xp_1+ M and x1 = 971, allows this allocation to be implemented.
Then, the surplus generated for each type t by this mechanism is'®
2
«
U = tht — %

2
Since in this case the efficient quality level for type t is q; = 6;, we have v; = %.

For the second stage, we define consideration sets as follows: each type t only looks
at the neighborhood of his ideal quality level. Due to the quadratic utility specification
the ideal quality for type t matches his valuation 6;. In particular, lets assume type ¢
considers contracts which offer quality in the interval [gf ;, 4}, ] for t > 1, and [0, g5] for
t = 1.1° Given the allocation above, this is equivalent to allowing each type to consider
the contracts for the types immediately above and below his true type in addition to the
contract for his true type, i.e., Ct = {t — 1,t,t +1}.17

Oy |-y~
0y ---47-

Figure 8: First stage allocation and associated consideration sets

Figure 8 depicts the quality provided in the first stage to each type as a function of
their valuation (black), and the consideration set for each type in terms of quality (red).
Finally, we introduce correlated states in the model: each type t will be associated

with a belief or distribution over a finite set of exogenous states Q). Let p; € A(Q) be such

1>Note that we can consider the net surplus instead without changes in the results of this section.

16More generally, the quality interval for type t could take the form [9,,9,] with g, € (6;-1,6:] and 7, =
6, 0111) without changing the consideration sets in terms of types.

7The same consideration sets structure could be induced if instead of quality each type looks only at an
interval of prices close to X; under some conditions.
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distribution for type t. As before, we assume different types hold different beliefs over (),
so pr # ppift # 1.

Hence, the model described above matches an instance of the general model described
in Section 2.

The inverse consideration sets in this case are
D;={t—1,t+1}

for t > 1, and D; = {2} for t = 1. As Theorem 1 states, if for each type t his belief p; does
not belong to the convex hull of the beliefs of the types in his inverse consideration set

Dy, then all the surplus could be extracted.

Proposition 2. Consider the monopolistic screening problem described above. Suppose that for
each type t > 1, there is no « € [0,1] such that p; = apsy1 + (1 — a)pi—1. Then, full surplus

extraction is feasible.

Proof. Suppose that for all t > 1, there isno « € [0,1] such that p; = apsi1 + (1 —a)ps—1.
Note that for any type ¢ > 1 this condition is equivalent to p; ¢ PP since Dy = {t — 1, +
1}. For type t, we have Dy = {2} and py # p1 which imply p; € PPt as well.

Hence, the environment in the second stage satisfies the conditions in Theorem 1.
Then, from Theorem 1 we have that there exists an incentive compatible mechanism {x; :
t € T} such that (p;, x;) = v forall t € T. O

This model allows us to partially endogenize the consideration sets in terms of types.
However, the underlying cause generating the structure of consideration remains exoge-

nous: the agent will only look at contracts with quality around his ideal point.
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Figure 9: A beliefs structure consistent with full surplus extraction in this setting
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In Figure 9 we illustrate a belief structure which is consistent with full surplus extrac-
tion in this setting. Note that there is no obvious ordering of these beliefs with respect to
their associated type. However, for any triple of consecutive types, the belief of the “mid-
dle” type is never a convex combination of the beliefs of the “extreme” types. Hence, it
is possible to find a mechanism that is both incentive compatible and collects all the sur-
plus. Note also that if instead we allow consumers to evaluate products of any quality
level in the second stage (i.e., as in the case with full-consideration), then full surplus ex-
traction will not be feasible in this example as the belief structute in Figure 9 violates the
CM condition.

3.3 Auctions with behavioral bidders (and correlation)

In this section we introduce an auction environment to illustrate our main result in a
model with honest types. We start by formally describing the auction model, and then
apply our main theorem to characterize the fully extracting mechanism.

Consider a standard private values auction environment with correlation: there is a
single item which could be allocated to one of n > 2 bidders. Each bidder i has a valuation
8; for the item. This valuation is bidder i’s private information, observed only by himself.
There is a finite set of potential valuations for each bidder i, which we denote by ®;. We
also define @ = x;cNO; and O_; = X0, with general elements 6 and 6_; respectively.
There is a common prior F over the vector of valuations 6, i.e., F € A(®). A bidder i with
valuation 6; holds beliefs F(-|6;) € A(©®_;) over the valuations of the other bidders.

We introduce behavioral types among the bidders. Here a behavioral type will be de-
termined by his valuation-belief pair. We denote by B; C ©; the set of behavioral types
for player i. Behavioral types will be honest and always report truthfully, while non-
behavioral types will report what is best for them under the mechanism implemented.

A complete mechanism here is an allocation rule {g; : © — [0,1]}ic(y, ) and a trans-
fer rule {x; : ® — R}jcqq,. 4y where Y 9;(0) = 1forall 6 € ©.

For the discussion of this section, we focus on the symmetric case in which all bidders
share the same space of valuations and their beliefs are symmetric. That is, for any 7 and
j,®;=0;=0,andforanyt € ®@and w € @1, F(0_; = w|f = t) = F(6_; = w|f; = t)
for all i and j. Moreover, we also assume that the set of behavioral types is the same for
all bidders, i.e., B; = Bi=B for all bidders i and j as well.1®

8This is just for simplifying the exposition, and all the discussion extends directly to the asymmetric case
as the main proposition in this section shows.
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We further assume that each valuation generates a different distribution over the val-
uations of the other bidders, so F(-|0; = t) # F(:|0; = ') forall t,t' € ©.

Note that by our symmetry assumption, each valuation will not only determine the
beliefs but also the degree of sophistication of a particular bidder of type 6. Hence, a
bidder with valuation 6 € B holds beliefs F(-|0) and always report truthfully, while a
bidder with valuation 6’ ¢ B has beliefs F(-|6") and is fully strategic.

In order to apply our main result to characterize the optimal mechanism in this setting,
we first need to follow three steps: (1) fix the allocation rule, (2) transform the multi-
bidder problem into the problem of a single bidder, and (3) impose restrictions on the
distribution of valuations.

For the first step, we need to fix the allocation rule since in our framework only trans-
fers are allowed. Since we are interested on discussing the conditions that allows the
seller to extract all the surplus from the bidders, we will fix the allocation rule to be the
allocation that maximizes the total surplus: the bidder with the highest valuation gets the
item. We assume any tie is resolved in favor of a particular bidder i when he is part of the
set of winners, and in favor of the bidder with the lowest index otherwise.'”

For the next step we need to reduce the multi-bidder problem to the problem of a sin-
gle bidder. This a necessary step since our main theorem applies to settings with a single
agent. We transform the multi-bidder auction into a single bidder auction by focusing in
the problem of bidder i and taking expectations over the valuations of the other types.

In particular, we denote valuation of bidder i by ¢ and the vector of valuations of the
other bidders different from i by w. We let the probability of the profile w conditional on
valuation f for bidder i to be p;(w) = F(6_; = w|6;).

We will denote the gross expected utility of bidder i with valuation ¢ by v;. Hence, un-
der the efficient allocation rule v; is equal to the valuation t multiplied by the probability
he has the highest valuation.?

Finally, x;(w) represents the transfer made by the bidder if his reported valuation is ¢
and the vector of valuations reported by other bidders is w.

For the final step, we impose restrictions over the conditional distribution of valua-

9Results extend directly to alternative tie-breaking rules as usual.
20Gijven the notation of this section, we have

v =t- Z F(0_;16;=1) | .
{9,,‘21’1‘1an#1‘ ngt}
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tions. In particular, we impose that for all t € ©

per €co({py:t Bandt #t}).

These conditions are equivalent to the conditions in Theorem 1 (and Corollary 2 for
B = H). Hence, we can apply directly Theorem 1 to guarantee full surplus extraction in
this setting. Moreover, we can use the construction in the proof of Theorem 1 to compute
the transfers required to extract all the rents. Since this transfer rule is incentive com-
patible and extracts all the surplus under the surplus maximizing allocation, the optimal
mechanism will indeed extract all the informational rents in expectation as long as the
conditions above hold.

Note that the above arguments do not rely on the symmetry assumption imposed be-
fore and could be easily extended to the asymmetric case. We state this general result
formally below, using the original notation for the auction environment without the sym-

metry restriction.

Proposition 3. Consider the auction environment. Let B; the set of behavioral types for bidder i.
If for all bidders i € {1, ..., n}, and valuations 0; € ©;,

F(-|6;) & co({F(-0;) : 6; & B; and 0; # 6;}),

then the optimal mechanism achieves full surplus extraction.

Proof. Assume the conditions over the conditional distributions hold.
Let g;(0) denote the allocation for bidder i for a vector of types 6 when the good is
allocated to the bidder with the highest valuation and ties are broken arbitrarily.

Then, the expected payoff of bidder i if his valuation is 6; is

vi(6;)) = ), F(6-il6;)q:(6;,6;)
0_icO_;

Let C;(6;,) C ©; denote the consideration set of bidder i if his valuation is 6;. Then,
Ci(6;) = {6;} for 6; € B; and C;(0;) = ©; for 0; ¢ B;. The corresponding inverse consider-
ation sets are given by D;(6;) = ©®;\B; for 6; € B; and D;(6;) = ©;\ (B;U{6;}) for 6; ¢ B,.
Therefore, we have that the environment (@i, (0:(6:), F(+16:), Ci(6:))g, €®i) matches the
structure of an environment with a set of honest types B; as in Corollary 2.

It remains to show that the conditions in Corollary 2 are satisfied under the assump-

tions over the conditional distributions for bidder i.
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Note that for any valuation 6; € B; from a behavioral type, the set of conditional

distributions
{F(-6]) : 6/ ¢ B;and 6] # 6;} = {F(-|6}) : 6] ¢ B;} = PO\B;,

since the second condition is redundant.
Hence, the condition over the conditional distribution for this valuation reduces to
F(-|6;) ¢ co (p®i\Bi).

Now, for a valuation 6; ¢ B; from a non-behavioral type we have,
{F(-16}) : 6] ¢ Biand 6; # 6;} = {F(-|6]) : 6] & BJ\{F(-|6,)} = P®\*\{F(-]6:)},

since this holds for any 6; ¢ B;, P9:\Pi satisfies the CM condition.

Hence, the set of conditional distributions for bidder i satisfy the two conditions in
Corollary 2. This implies there exists an incentive compatible mechanism {x;(6;) € R :
0; € ©;} such that (F(-|6;), x;(0)) = v;(6;) for each 6; € ©;.

Since this holds for an arbitrary bidder i, it holds for any such bidder. Then, the mech-
anism (q;, X;);c {1,..,n) is incentive compatible and achieves full surplus extraction. Since
under this mechanism the seller obtains the maximum revenue among the mechanisms
that satisfies participation, it is indeed the optimal mechanism for the seller.

[l

Notice that if in addition to the private information of other bidders, we include other
variables correlated with the valuation of bidder i on which the auction payments (and
allocation) could condition on then after adjusting the notation to accommodate such
variables essentially the same result holds.

Under the symmetry assumption we have discussed above and a symmetric tie-breaking
rule, the optimal mechanism is also anonymous since each bidder will face the same allo-
cation and transfer rules regardless of his index i. Without symmetry the optimal mech-
anism is no longer anonymous and would require to offer personalized allocation and
transfer rules based on each particular bidder index i. In such a case, the optimal auction
will not only require personalized allocation and transfer rules accordingly to the bidders
valuations distribution but also with respect to their behavioral status since it allows be-
havioral types to represent different characteristic based on the index of the bidder. That
is, bidder i could be behavioral if his type is t; = t but for index j # i a bidder with type

t; = t could be fully strategic. Thus, the induced personalized mechanism could create
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new challenges or advantages depending on the particular application we are dealing
with.

4 Full surplus extraction with multiple agents

In previous sections, we have analyzed the surplus extraction problem from the perspec-
tive of the interaction between the designer and a single agent. In this section we formally
extend our analysis to the multiple agents case and show that the characterization in 3.3
generalizes beyond the case of auctions.

We consider an environment with N agents and a single principal or designer. We
abuse notation by denoting by N the set of agents as well as its cardinality. Each agent i
has a private type t; in a finite set T;. We denote by T = [];cy T;, with a generic element
t € T. Similarly, we denote by T_; = [T2i Tj with a generic element t_; € T_;. Asin
the single agent case, there is an exogenous state w in a finite set (), in which contracts
would be able to condition on. For simplicity, we assume there is a common prior IP over
the state and the profile of agents’ types IP € A(Q) x T), where A(Q) x T) denotes the set
of probability distributions over ) x T. There is a collection of functions v; indexed by i
that determine the expected surplus generated by the interaction of the principal and the
agents that depends of the profile of types of all agents, i.e., v; : T — R4. Having the
surpluses depending on the full profile of types allows us to consider both private and
interdependent values settings under this framework.

For example, v; could be the expected surplus generated in a standard Vickrey auc-
tion with private values. In such a case, we can let the set of types for each bidder to
match their private valuation for the object. Therefore, the surplus generated by agent i

is determined by his ex-post value in this auction if the profile of valuation is ¢, i.e.,

t; — max t]' if t; > max t]'
0 otherwise.

We define the conditional probabilities p(t) € A(Q)) and p;(t;) € A(Q x T_;) accord-
ing to the common prior as p(t)(w) = P(wlt) and p;(t;)(w,t_;) = P(w,t_;|t;) respec-
tively. These conditional distributions would play the role of the beliefs in the single
agent setting in this section. Whether p or p; is used as the relevant belief would depend

on the notion of incentive compatibility we would like to impose as we will discuss below.
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The conditional probabilities defined according to the common prior IP characterize
the corresponding beliefs in this case compared to the model in Section 2. Similarly, the
surplus functions v; define the surplus generated by each type and agent. The missing
elements from our single-agent model in Section 2 are the consideration sets for each type.
We introduce them in this setting as follows.

Let C; : T; — 2Ti be the consideration function for agent i. This function determines
for each type t; of agent i, what types in T; are valid deviations or reports for this agent
given his type. Note that we focus on the case of “private” consideration sets, in which
the set of potential deviations for agent i depends only on his own type, and not the types
of other agen‘cs.21 We also assume that for any agent i, t; € C;(t;) forall t; € T;.

A contract x; for agent i is a mapping from the set of states and types to the transfer
he needs to pay or be paid if the realization of the state is w and the profile of types is t,
ie,x; : QO x T — R. A mechanism is a collection of such contracts x = {x; : i € N}, one
for each agent. Note that this notion of contract offers a personalized contract (or menu)
to each agent. Moreover, the transfer from or to agent i depends not only on his type or
report t;, but also the types or reports of the other agents t_; and the state w. We abuse
notation and denote by x;(t;) : QO x T_; — R and x;(f) : O — R the conditional payment
schedules based on the contract x; for type t; and the profile of types t respectively.

We will consider two different versions of our previous results in this section, depend-
ing on the notion of incentive compatibility we would like to impose. In Section 2 this was
not a concern as there was a single agent. We can consider either a weaker (interim) or
a stronger (ex-post) notion of incentive compatibility in this case. The ex-post version
requires that each agent i prefers his own (conditional) contract, even after conditioning
on the full profile of types t and not only his own type t;. The interim version of incen-
tive compatibility requires agent i to prefers his (conditional) contract only in the interim
stage, that is, when he knows only his own type t; but not the profile of types of the
other agents t_;. Clearly this second notion is weaker than the ex-post requirement as it

requires to hold only on expectation over the types of the other agents.
Definition 5. In the multi-agent setting, we say a mechanism x is ex-post incentive compatible if

for any agent i € N and profile of types (t;,t_;) € T,

it tog) = (p(ti ti), xi(ti, t—i)) > vt tg) — (pilti t—i), xi(E, b)),

HDefinitions could be extended to accommodate more general settings at the cost of increased notation
complexity.
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forall t; € Ci(t;).

Since in our interim notion of incentive compatibility, agent i is required only to prefer
his contract in expectation over the types of the other agents, it is useful to compute his

interim surplus directly. Henceforth, we denote the expected surplus for type t; by

Vi(ti) = Y. P(t_ilt;) vi(ti, t-).
t_;eT_;
Definition 6. In the multi-agent setting, we say a mechanism x is interim incentive compatible

if for any agent i € N and type t; € T;,

Vi(ti) = (pi(t), xi(t:)) > Vi(t:) — (p(t:), xi(t)) ,
forall t! € Ci(t;).

Note that the notions of incentive compatibility above are defined with respect to types
and not the state. That is, the first definition is ex-post with respect to the profile of types
t, but not with respect to the state w. Similarly, for the second definition, the interim part
makes reference to the types, and not the state.

A clarification is required in terms of what each agent i is choosing from in each case
above. Under ex-post incentive compatibility, an agent i chooses between the conditional
payment schedules in the list {x;(t;,f_;) : t; € T;} knowing the full profile of types t.
Instead under interim incentive compatibility, an agent i chooses between the conditional
payment schedules in the list {x;(#;) : t; € T;} knowing only his own type t;. Note that in
both cases the agent is choosing among |T;| different payment schedules. The difference
is that in the first case each schedule defines a transfer for |Q}| different instances, while in
the second case each schedule defines the transfer for each state and other agents’ types
profiles combination, i.e., for |} x T_;| instances.

We define the inverse consideration set function for agent i as D; : T; — 27 such that
D;(t;) = {ti : t; € C;(t}) and t] # t;}.

As before, the inverse consideration set for type t; identifies all the other types that could
mimic or consider the contract for type t;. Note that the inverse consideration sets of agent
i depends only on his type t;, and not the types of other agents. This is a consequence of

considering only private consideration sets that also depend on agent i’s own type only.
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We now proceed to extend our definition of full surplus extraction to the multi-agent

setting under the different notions of incentive compatibility presented above.

Definition 7. In the multi-agent setting, we say full surplus extraction is feasible with an ex-post
mechanism if there exists an ex-post incentive compatible mechanism x such that for all agents
i € N and profiles of types t € T,

(p(t), xi(t)) = vi(t).

However, for the case of interim incentive compatibility, our definition of full surplus
extraction also needs to be adjusted in order to match the dimensionality of the incentive

compatibility constraints.

Definition 8. In the multi-agent setting, we say full surplus extraction is feasible with an interim
mechanism if there exists an interim incentive compatible mechanism x such that for all agents
i € Nand types t; € T,

(pi(ti), xi(ti)) = Vi(t;).

Given our description of the model with multiple agents and the definition provided
above, we are ready to present the main results of this section: the characterization of the
teasibility of full surplus extraction with ex-post and interim mechanisms in the multi-

agent environment. These results are the natural extensions of Theorem 1 in Section 2.

Proposition 4. Consider the multi-agent environment above. Suppose that for each agent i and
profile of types (t;,t_;) € T, p(ti,t_;) & co ({p(t,, t_;) : t; € Di(t;) }). Full surplus extraction

is feasible with an ex-post mechanism.

Proof. Fix an agent i and a profile of other agents’ types t_;. Suppose that for any type
ti € Tj, p(ti,t—i) & co ({p(t,t_;) : . € Di(t;)}). Notice this condition is equivalent to the
condition in Theorem 1, henceforth using the construction in the proof of Theorem 1 we
can obtain a function xf*i . T; — RI® such that (p(t;,t_;), xlt.’i (t;)) = vi(t;, t_;) for all
ti € T;.

We can repeat this process for any profile ¢ _; obtaining a collection of functions {xf‘i :
t_; € T_;} satisfying the condition above. Moreover, we can repeat this process for all
agents i € N, and obtain such a collection for each agent i. Then, define the mechanism x

as follows: for each agenti € N, profile of types t € T, and state w € () let



By construction, this mechanism is ex-post incentive compatible and satisfies

(p(ti t_i), xi(ti, t—i)) = vi(ti, t_;),

for all profiles of types t € T and agenti € N. Therefore, full surplus extraction is feasible
with an ex-post mechanism. O
Proposition 5. Consider the multi-agent environment above. Suppose that for each agent i and
type t; € T, pi(t;) ¢ co({pi(t]) : t; € Di(t;)}). Full surplus extraction is feasible with an

interim mechanism.

Proof. Fix an agent i. By Theorem 1, there exists a function x* : T; — RI®*T-il such that
(pilt:), x' (1)) = Vi(ti)

and

forany t; € T; and t! € C;(t;).
Repeating this process for all agents i € N, we obtain a collection of functions with

the properties stated above. Define the mechanism x as
xi(w, t;, t,i) = Xl(ti) (a], t,i)

foreachi € N,w € (), t; € T, and t_; € T_;. Then, by construction this mechanism is

interim incentive compatible and satisfies

(pi(t:), xi(t;)) = Vi(t;)

foralli € N and t; € T;. Therefore, full surplus extraction is feasible with an interim

mechanism. n

Note that the mechanisms proposed in the propositions above could be symmetric
when agents are themselves symmetric (i.e., the set of types, surplus, beliefs, and consid-
eration sets do not depend on the identity or index i € N of the agent), but they need to
be asymmetric if agents are asymmetric. In such case, implementing these mechanisms
requires the principal to be able to offer a personalized menu of contracts to each agent.

Note also that the results in Section 3.3 could also be obtained as a corollary of Proposi-

tion 5. This also implies that the auction proposed in Section 3.3 is an interim mechanism.
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5 Concluding remarks

We examined the full surplus extraction problem with boundedly-rational agents which
can only imitate a subset of types. We characterize the conditions that guarantee full
surplus extraction regardless of the valuations of the agents. While the key condition
identified by Crémer and McLean (1988) is still sufficient in this setting, we show that
such condition could be relaxed and a more general characterization is feasible. Our
characterization highlights the importance of focusing on the set of potential imitators or
inverse consideration sets instead of the considerations sets directly.

Our result suggests an alternative way to look at incentive compatibility problems:
instead of looking at the potential deviations for a type, look at the types that could de-
viate to a particular type. While this interpretation could also be applied under a full-
consideration model, having restricted consideration sets highlights the importance of
the inverse consideration sets over the direct consideration sets. This importance remains
hidden in the traditional model due to the “symmetry” between consideration and in-
verse consideration sets in the case of full-consideration.

While treating consideration sets as exogenous is a strong assumption, it allows us to
provide a full characterization of the conditions to guarantee full surplus extraction. Fully
endogenizing the consideration sets is a natural and appealing future path of research that
could provide a broader view of the problem of surplus extraction in mechanism design

settings with correlation.

Conflict of interest: Not Applicable.
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